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Introduction
In this paper, all varieties are deﬁned over the ﬁeld of complex numbers, C. Let Γ be a smooth
curve of degree d ( 4) in the projective plane P2, and P a point in Γ . Consider the projection
πP : Γ → l with a center P , where l is a line not passing through P . This projection induces the
extension of ﬁelds π∗P : C(l) ↪→ C(Γ ) =: K with [K : C(l)] = d−1. The structure of this extension does
not depend on the choices of l, but on P . So we denote C(l) by KP . Let LP be the Galois closure of
this extension K/KP .
Deﬁnition 0.1. Let ΓP be the nonsingular projective model of LP . We call ΓP the Galois closure curve
at P ∈ Γ , and let g(P ) be the genus of ΓP . We call P a Galois point for Γ if K/KP is a Galois
extension.
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can regard πP as the map Γ  Q → lP Q ∈ l∨P , where lP Q is the line on P2 passing through P and Q
if P = Q , and the tangent line T P of Γ at P if P = Q .
In [5,6,12,13], Miura and Yoshihara studied the Galois group GP := Gal(LP /KP ), the genus g(P )
and the number of Galois points and many other properties. In the case where d = 4, Yoshihara con-
structed a family ϕ : S → Γ satisfying that ϕ−1(P ) ∼= ΓP for a general point P ∈ Γ , and determined
the types of singular ﬁbers [14]. As its corollary, he showed that ΓP is not isomorphic to ΓQ if P
is close to Q . In the above paper [14], Yoshihara makes use of S3-covers. He raised the following
problems in [14].
Problem 0.3. (1) Do the similar study as in [14, Theorem 2.1] in the case where Γ is a smooth curve
of degree d 5.
(2) Let Γ be a smooth plane curve of degree d  3 and P a point in P2. For the projection πP :
Γ → l consider the Galois closure curve ΓP at P . Then we will obtain similarly a smooth threefold V
and a morphism ρ : V → P2, whose ﬁber over P is isomorphic to ΓP for a general point P . Study the
structure of V and singular ﬁbers of ρ . In this case, if P ∈ Γ , then ρ∗(P ) becomes a singular ﬁber.
Are these singular ﬁbers semi-stable, too?
Remark 0.4. In [9], Sakai investigated the inﬁnitesimal deformations of ﬁnite branched Galois covering
space of curves. Consequently, we can see that, for a smooth plane curve Γ of degree d  4, ΓP
is not isomorphic to ΓQ if P is close to Q . Note that Sakai’s approach is differ from Yoshihara’s
one.
In this paper, we answer Problem 0.3(1) in the case where d = 5 based on [10], which is a study
of 4-fold covers over smooth surfaces. Then we can show that ΓP is not isomorphic to ΓQ if P is
close to Q by Yoshihara’s approach. Moreover, we compute the Chern numbers of the total spaces
of the families. Consequently, the total spaces are smooth projective minimal surfaces with positive
index.
In [7], Miyaoka showed that there are many surfaces with positive index among Galois closures
of generic projections. Here a generic projection is a projection from a projective surface X ⊂ PN to
P
2 whose center is a general linear subspace L ⊂ PN of dimension N − 3. In [8], Moishezon and Te-
icher found simply-connected algebraic surfaces with positive index among Galois closures of generic
projections. Moreover, many results of Galois closures of generic projections are known (cf. [4]). On
the other hand, our construction of algebraic surfaces with positive index is a new method because
our surfaces are S4-covers over P1-bundles of smooth plane quintic curves. There are quintic curves
whose families of Galois closure curves differ from Galois closures of generic projections (see Exam-
ple 4.4).
For a normal variety X and a smooth variety Y , we call a morphism π : X → Y a cover of Y if π
is a ﬁnite, surjective, proper morphism. We denote the branch locus of π by (π). In the case where
degπ = 4, we denote A, B , C and D in [10] by A(π), B(π), C (π) and D(π), respectively. Note
that (π) = A(π)+B(π)+C (π)+D(π).
Let Γ be a smooth plane quintic curve, and πP : Γ → l∨P the projection with a center P ∈ Γ as
in Remark 0.2. Let T P be the tangent line to Γ at P ∈ Γ , and I(Γ1,Γ2; Q ) the intersection number
of curves Γ1 and Γ2 at Q . A point P ∈ Γ is said to be an inﬂection point of order i (i = 1,2,3) if
I(Γ, T P ; P ) = i + 2. We have the fact ∑Q ∈Γ {I(Γ, T Q ; Q ) − 2} = 45 (cf. [2]). Let NA = NA(P ) (resp.
NB , NC and ND ) be the number of points in A(πP ) (resp. B(πP ), C (πP ) and D(πP )). Applying
the Riemann–Hurwitz formula to the cover πP : Γ → l∨P , we get NA + 3NB + 2NC + 2ND = 18. We
put Σ := {P ∈ Γ | NA < 18}. Then Σ is ﬁnite (see Lemma 2.3). Note that the Galois group GP is
isomorphic to the symmetric group of degree four, S4, if P ∈ Γ \ Σ , that there exist at most one
Galois point, and that the Galois point is an inﬂection point of order three (but not the converse)
(see [12]).
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mark 4.1]. Moreover we will show the following proposition.
Proposition 0.5. GP is isomorphic to the alternating group of degree four, A4 , if and only if NA = NB = 0.
To state our main theorem, we introduce some notation. We put
ΛB = ΛB(P ) :=
{
l ∈ l∨P
∣∣ l ∈ B(πP ), l = T P},
k• = k•(P ) :=
{
1 if T P ∈ •(πP ),
0 otherwise
(• = B,C, D),
ni := 

{
P ∈ Γ ∣∣ I(Γ, T P ; P ) = i + 2} (i = 1,2,3),
n1,s := 

{
P ∈ Γ ∣∣ I(Γ, T P ; P ) = 3, I(Γ, T P ; Q ) 1 for any Q = P},
n1,b := n1 − n1,s,
nb := 

{
l: a bitangent line of Γ
∣∣ I(Γ, l; Q ) 2 for any Q ∈ Γ }, and
c21(•), c2(•): the Chern numbers of a smooth projective surface •.
Theorem 0.6. There exist a smooth projective minimal surface of general type S with
c21(S) = 5880− 24n3,
c2(S) = 4920− 90n3 − 18n2 − 36n1,b − 18nb,
and a morphism ρ : S → Γ such that ρ∗(P )red is a divisor with only normal crossings for any P ∈ Γ and
satisﬁes the following properties:
(I) If P ∈ Γ \Σ , then ρ∗(P ) ∼= ΓP and g(P )= 85.
(II) If P ∈ Σ and GP ∼= S4 , then g(P ) = 31+ 3NA + 2NC and
ρ∗(P ) = Γ̂ +
∑
lP∈ΛB
3EB,lP + kB EB + kC
4∑
i=1
EC,i + kD
6∑
i=1
ED,i,
where Γ̂ , E B,lP , E B , EC,i and ED,i are irreducible curves with the following properties:
(i) g(Γ̂ ) = g(P ), Γ̂ 2 = −18NB + 12kB − 8kC − 12kD , and the number of nodes of Γ̂ is 4(NC − kC )+
6(ND − kD).
(ii) EB is a smooth curve of genus 4 with E2B = −6.
(iii) EB,lP , EC,i and ED,i are (−2)-curves (i.e. smooth rational curves with the self-intersection
number −2).
(iv) ρ∗(P )− Γ̂ is smooth (i.e. EB,lP , EB , EC,i and ED,i are disjoint), Γ̂ .EB,lP = Γ̂ .EB = 6 and Γ̂ .EC,i =
Γ̂ .ED,i = 2.
(III) If G P ∼= A4 , then g(P ) = 16+ NC and
ρ∗(P ) = Γ̂1 + Γ̂2 + kC
4∑
i=1
EC,i + kD
6∑
i=1
ED,i,
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(i) Γ̂ j ∼= ΓP for j = 1,2, Γ̂ 2j = −4NC − 6ND , and Γ̂1.Γ̂2 = 4(NC − kC )+ 6(ND − kD).
(ii) EC,i and ED,i are (−2)-curves.
(iii) ρ∗(P )− Γ̂1 − Γ̂2 is smooth, and Γ̂ j .EC,i = Γ̂ j .ED,i = 1.
(IV) If G P ∼= D8 , then g(P )= 11+ NA and
ρ∗(P ) = Γ̂1 + Γ̂2 + Γ̂3 +
∑
lP∈ΛB
3EB,lP + kB EB + kD
6∑
i=1
ED,i,
where Γ̂ j ( j = 1,2,3), EB,lP , EB and ED,i are irreducible curves with the following properties:
(i) g(Γ̂ j) = g(P ), Γ̂ 2j = −6NB + 4kB + 4kD , Γ̂ j .Γ̂ j′ = 0 ( j = j′), and the number of nodes of Γ̂ j is
2(ND − kD).
(ii) EB is a smooth curve of genus 4 with E2B = −6.
(iii) EB,lP , and ED,i are (−2)-curves.
(iv) ρ∗(P ) −∑3j=1 Γ̂ j is smooth, Γ̂ j .EB,lP = Γ̂ j .EB = 2 for any i, j. Γ̂ j .ED,i = 2 if j ≡ i (mod 3) and
Γ̂ j .ED,i = 0 otherwise.
(V) If P is the Galois point (hence GP ∼= Z4 and 
ΛB = NB − 1), then
ρ∗(P ) =
6∑
j=1
Γ̂ j +
NB−1∑
i=1
3EB,i + EB ,
where Γ̂ j, EB and EB,i are irreducible curves with the following properties:
(i) g(Γ̂ j) = 6, Γ̂ 2j = −3NB + 2, and the number of nodes of Γ̂ j is ND .
(ii) EB is a smooth curve of genus 4 with E2B = −6.
(iii) EB,Q ′ are (−2)-curves.
(iv)
∑NB−1
i=1 EB,i + EB is smooth, Γ̂ j .Γ̂ j′ = 0 ( j = j′) and Γ̂ j .EB,i = Γ̂ j .EB = 1.
In particular, if n2 = n1,b = 0, then the canonical bundle of S is ample.
As in [14], we obtain the following corollary.
Corollary 0.7. For any point P ∈ Γ , there exists an open neighborhood UP of P satisfying that ΓQ is not
isomorphic to ΓP if Q ∈ UP \ {P }.
Moreover, we can show the following corollary.
Corollary 0.8. Let Γ ⊂ P2 be any smooth quintic curve, and S the surface for Γ in Theorem 0.6. Then
c21(S) > 2c2(S).
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Here S ′ is the blow-up of S at the nodes of Γ̂ , thick lines describe (−1)-curves, the horizontal curve
describe the strict transform of Γ̂ , and π˜ and σ˜ are as in Section 2. Note that the horizontal curve is
isomorphic to the Galois closure curve ΓP , that it meets transversally with EB , EB,lP and (−1)-curves,
and that the morphism from it to l∨P ∼= P1 is the 24-fold cover of smooth curves induced by πP .
Moreover, the dual graph of ρ∗(P ) is as follows:
Here the number of each edge is the intersection number of irreducible divisors corresponding to its
vertices, the number in each vertex is the self-intersection number of its irreducible divisor, and triple
circles mean that the multiplicities of their components in ρ∗(P ) are three.
(2) If GP ∼= A4 and T P ∈ C (πP ), then the dual graph of ρ∗(P ) is as follows:
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(3) If GP ∼= D8 and T P ∈ D(πP ), then the dual graph of ρ∗(P ) is as follows:
1. The branch locus of a 4-fold cover
Let π : X → Y be a 4-fold cover of a smooth variety Y . Then we obtain the diagram in Fig. 1.1
(see [10] for detail). In this section, f , gi,hi, δ f , θi, j, ζ3 and vYE : C(Y ) → Z denote the notation used
in [10, Section 1]. We put
mE := min
(
vYE (δ f ),2v
Y
E (h2)
)
and nE := min
(
mE ,6v
Y
E (g1)
)
.
We improve [10, Remark 1.2] for certain prime divisors as follows.
Theorem 1.1. Let E be a prime divisor on Y . Assume that 2vYE (h2) vYE (δ f ) or vYE (h2) = 3vYE (g1).
(i) E is in A(π) if and only if vYE (δ f ) ≡ 1 (mod 2) and nE ≡ 0 (mod 6).
(ii) E is in B(π) if and only if vYE (δ f ) ≡ 1 (mod 2) and nE ≡ 3 (mod 6).
(iii) E is in C (π) if and only if vYE (δ f ) ≡ 0 (mod 2) and mE ≡ 0 (mod 3).
(iv) E is in D(π) if and only if vYE (δ f ) ≡ 0 (mod 2), mE ≡ 0 (mod 3) and nE ≡ 6 (mod 12).
(v) E is not in (π) if and only if vYE (δ f ) ≡ 0 (mod 2), mE ≡ 0 (mod 3) and nE ≡ 0 (mod 12).
Let E˜ be an irreducible component of π˜∗E , and put E2 := ψ3(˜E), E1 := ψ2(E2). Note that E1 and
E2 are irreducible components of ψ∗1 E and (ψ1 ◦ψ2)∗E , respectively. To prove the above theorem, we
ﬁrst show the following lemma.
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v X2E2
(
θ23,i
)= v X2E2 (θ23, j)= min(v X2E2 (θ2,1), v X2E2 (θ2,2), v X2E2 (g1))
for some i, j ∈ {1,2,3} with i = j.
Proof. Since 2vYE (h2)  vYE (δ f ), we have v
X1
E1
(h2)  v X1E1 (θ1). We put θ
3
2,i =
∑∞
j=nˆ dˆ2,i, jt
j
E1
for i = 1,2
as elements of C(X1), where nˆ = mini=1,2(v X1E1 (θ32,i)), dˆ2,i, j ∈ C and tE1 is a uniformizing parameter
of the local ring OE1,X1 . Since θ32,1 = −h2/2+ θ1 and θ32,2 = −h2/2− θ1, we have dˆ2,1,nˆ = dˆ2,2,nˆ . If we
write θ2,i =∑∞j=n d2,i, jt jE2 for i = 1,2 as elements of C(X2), where n = mini=1,2(v X2E2 (θ2,i)), d2,i, j ∈ C
and tE2 is the uniformizing parameter of OE2,X2 with t3E2 = tE1 if ψ2 is branched along E1 and tE2 =
tE1 otherwise, then d
3
2,i,n = dˆ2,i,nˆ . Since θ23,i = ζ i−13 θ2,1 + ζ 2i−23 θ2,2 − 8g1/3, the assertion follows from
Lemma 1.3. 
Lemma 1.3. For d1,d2 ∈ C, d31 = d32 if and only if ζα3 d1 + ζ 2α3 d2 = ζ β3 d1 + ζ 2β3 d2 for some α,β ∈ Z with
α ≡ β (mod 3).
Proof. Suppose d31 = d32. If d1 = d2, then ζ3d1 + ζ 23 d2 = ζ 23 d1 + ζ3d2. If d1 = ζα3 d2 (α ≡ 0 (mod 3)),
ζα3 d1 + ζ 2α3 d2 = d1 + d2.
Suppose ζα3 d1 + ζ 2α3 d2 = ζ β3 d1 + ζ 2β3 d2 (α ≡ β (mod 3)). Then (ζα3 − ζ β3 )d1 = (ζ 2β3 − ζ 2α3 )d2.
Thus we obtain 3(ζα+2β3 − ζ 2α+β3 )d31 = 3(ζ 4α+2β3 − ζ 2α+4β3 )d32. Therefore we obtain d31 = d32 since
α ≡ β (mod 3). 
Theorem 1.1 follows from the two propositions below.
Proposition 1.4. Assume 2vYE (h2) vYE (δ f ), i.e. mE = vYE (δ f ). Then
(i) E is in A(π) if and only if vYE (δ f ) ≡ 1 (mod 2) and nE ≡ 0 (mod 6);
(ii) E is in B(π) if and only if vYE (δ f ) ≡ 1 (mod 2) and nE ≡ 3 (mod 6);
(iii) E is in C (π) if and only if vYE (δ f ) ≡ 0 (mod 2) and mE ≡ 0 (mod 3);
(iv) E is in D(π) if and only if vYE (δ f ) ≡ 0 (mod 6), mE ≡ 0 (mod 3) and nE ≡ 6 (mod 12);
(v) E is not in (π) if and only if vYE (δ f ) ≡ 0 (mod 6), mE ≡ 0 (mod 3) and nE ≡ 0 (mod 12).
Proof. First we suppose vYE (δ f ) ≡ 1 (mod 2). Then, since E is in (ψ1), we have that v X1E1 (θ1) =
vYE (δ f )  2vYE (h2) = v X1E1 (h2), and that E1 is not in (ψ2) by [10, Lemma 1.3]. Since v
X1
E1
(−h2/2 +
θ1) = v X1E1 (θ1) or v
X1
E1
(−h2/2 − θ1) = v X1E1 (θ1), we have v
X1
E1
(θ1) ≡ 0 (mod 3) by [10, Remark 1.2].
Hence mini=1,2(v X2E2 (θ2,i)) = v
X1
E1
(θ1)/3 =mE/3. We have min(v X2E2 (θ2,1), v
X2
E2
(θ2,2), v
X2
E2
(g1)) = nE/3. By
Lemma 1.2, we obtain
v X2E2
(
θ23,i
)= v X2E2 (θ23, j)= 13nE
for some i = j. By [10, Remark 1.2], E is in A(π) if and only if nE/3≡ 0 (mod 2), and E is in B(π)
if and only if nE/3 ≡ 1 (mod 2). Therefore (i) and (ii) hold.
Next we suppose vYE (δ f ) ≡ 0 (mod 2). Since E is not in (ψ1), we have v X1E1 (θ1) = vYE (δ f )/2 
vYE (h2) = v X1E1 (h2). Hence v
X1
E1
(θ32,i) = vYE (δ f )/2 for some i = 1,2 as above argument. By [10, Re-
mark 1.2 and Lemma 1.3], E is in C (π) if and only if vYE (δ f ) ≡ 0 (mod 3). Hence we suppose
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X2
E2
(θ23, j) = nE/6 for some i = j as above argument, we
obtain that E is in D(π) if and only if vYE (δ f ) ≡ 0 (mod 6) and nE/6 ≡ 1 (mod 2), and that E is not
in (π) if and only if vYE (δ f ) ≡ 0 (mod 6) and nE/6 ≡ 0 (mod 2). 
Proposition 1.5. Assume 2vYE (h2) < v
Y
E (δ f ) (hence mE = 2vYE (h2)). Then mE ≡ 0 (mod 3), E1 is not in
(ψ2), and the following assertions hold:
(I) Assume 2vYE (h2) > 6v
Y
E (g1). Then nE ≡ 0 (mod 12), and
(i) E is in A(π) if and only if vYE (δ f ) ≡ 1 (mod 2);
(ii) E is not in (π) if and only if vYE (δ f ) ≡ 0 (mod 2).
(II) Assume 2vYE (h2) < 6v
Y
E (g1). Then
(i) E is in A(π) if and only if vYE (δ f ) ≡ 1 (mod 2) and nE ≡ 0 (mod 6);
(ii) E is in D(π) if and only if vYE (δ f ) ≡ 0 (mod 2) and nE ≡ 6 (mod 12);
(iii) E is not in (π) if and only if vYE (δ f ) ≡ 0 (mod 2) and nE ≡ 0 (mod 12).
Proof. Since δ f = h31/27 + h22/4 and 2vYE (h2) < vYE (δ f ), we have 2vYE (h2) = 3vYE (h1). Hence mE ≡ 0
(mod 3), and E1 is not in (ψ2). Note that
v X2E2
(
ζ i−13 θ2,1 + ζ 2i−23 θ2,2
)= v X2E2 (ζ j−13 θ2,1 + ζ 2 j−23 θ2,2)= min(v X2E2 (θ2,1), v X2E2 (θ2,2))
for some i, j ∈ {1,2,3} with i = j.
(I) Assume 2vYE (h2) > 6v
Y
E (g1), then nE = 6vYE (g1). We can write
g1 =
∞∑
i=α
ait
i
E , g2 =
∞∑
i=β
bit
i
E , g3 =
∞∑
i=γ
cit
i
E ,
where α = vYE (g1), β = vYE (g2) and γ = vYE (g3), and tE is a uniformizing parameter of the local ring
OE,X at E . Since 3vYE (h1) = 2vYE (h2) > 6vYE (g1) and h1 = −16(g21 + 12g3)/3, we have 2α = γ and
a2α + 12cγ = 0. Then 2a3α − 72aαcγ = 0. Since h2 = −64(2g31 − 72g1g3 + 27g22)/27, we obtain 3α = 2β
and 2a3α − 72aαcγ + 27b2β = 0. Hence vYE (g1) ≡ 0 (mod 2), i.e. nE ≡ 0 (mod 12).
If vYE (δ f ) ≡ 1 (mod 2), then mini=1,2(v X2E2 (θ2,i)) =mE/3> 2vYE (g1) = v
X2
E2
(g1). Thus
v X2E2
(
θ23,i
)= v X2E2 (θ23, j)= 2vYE (g1) = 13nE ≡ 0 (mod 2)
for some i, j ∈ {1,2,3} with i = j. Therefore E is in A(π) if and only if vYE (δ f ) ≡ 1 (mod 2). Simi-
larly, if vYE (δ f ) ≡ 0 (mod 2), then
v X2E2
(
θ23,i
)= v X2E2 (θ23, j)= vYE (g1) = 16nE ≡ 0 (mod 2)
for some i = j. Hence E is not in (π) if and only if vYE (δ f ) ≡ 0 (mod 2).
(II) Assume 2vYE (h2) < 6v
Y
E (g1), then nE = 2vYE (h2) =mE . Since mE ≡ 0 (mod 3), we obtain nE ≡ 0
(mod 6). If vYE (δ f ) ≡ 1 (mod 2), then
v X2E2
(
θ23,i
)= v X2E2 (θ23, j)= 2 vYE (h2) ≡ 0 (mod 2)3
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v X2E2
(
θ23,i
)= v X2E2 (θ23, j)= 13 vYE (h2) = 16nE
for some i = j. Therefore the assertions (iii) and (iv) of (II) hold. 
2. Construction of ρ : S → Γ
We ﬁrst put Γ ⊂ P2 a smooth curve of any degree d  4. We ﬁx a system of homogeneous coor-
dinates (T0 : T1 : T2) of P2, and put (T∨0 : T∨1 : T∨2 ) the one of the dual space (P2)∨ of P2 induced by
(T0 : T1 : T2). Let Π : P2 × P2  P2 × (P2)∨ be the rational map given by
(P ; Q ) → (P ; lP Q ),
where lP Q is the line passing through P and Q . If P = (T0 : T1 : T2) and Q = (U0 : U1 : U2) in P2,
then lP Q = (T∨0 : T∨1 : T∨2 ) = (T1U2 − T2U1 : T2U0 − T0U2 : T0U1 − T1U0) in (P2)∨ . It is easy to see
that Π is undetermined along the diagonal set  ⊂ P2 × P2. We put Bl(P2 × P2) → P2 × P2 the
blowing-up along . Then we obtain the morphism  : Bl(P2 × P2) → P2 × (P2)∨ induced by Π .
Let X ⊂ Bl(P2 ×P2) be the strict transform of Γ ×Γ ⊂ P2 ×P2. Then we have X ∼= Γ ×Γ . We put
Y := (X), and π :=  |X : X → Y , which is (d − 1)-fold cover over Y . Note that Y ⊂ P2 × (P2)∨ is
deﬁned by
T0T
∨
0 + T1T∨1 + T2T∨2 = 0.
Remark 2.1. Unfortunately, there is a gap in the construction of the families in [14]. Indeed, in [14],
a family of Galois closure curves is constructed through a map p1 : Γ × Γ → Γ × P1 locally given by
p1(P ; Q ) = (P ;πP (Q )). However, there are undetermined points of p1 in (Γ ∩l∞)×(Γ ∩l∞) ⊂ Γ ×Γ ,
where l∞ is the line at inﬁnity (i.e. P2 = A2 ∪ l∞).
Fortunately, if p1 : Γ × Γ → Γ × P1 is replaced with π : X = Γ × Γ → Y , the families are con-
structed by the method of [14]. Moreover, there are no effects on local data of S . Therefore the results
of [14] hold.
Remark 2.2.
(i) The surface Y ⊂ P2 × (P2)∨ has a structure of ruled surfaces over Γ , p : Y → Γ , induced by the
projection P2 × (P2)∨ → P2. In particular, Y is smooth.
(ii) For any P ∈ Γ , the ﬁbre p−1(P ) is the dual line l∨P ⊂ {P } × (P2)∨ corresponding to P ∈ P2.
(iii) For any P ∈ Γ , π naturally satisﬁes the following commutative diagram:
{P } × Γ π |{P }×Γ

p−1(P )

Γ
πP
P
1
(iv) We can easily see that the projection P2 × (P2)∨ → (P2)∨ induces a d-fold cover p′ : Y → (P2)∨ .
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From now, let Γ ⊂ P2 be a smooth quintic curve. Since GP ∼= S4 for P /∈ Σ , we obtain the S4-
cover π˜ : X˜ → Y and the diagram in Fig. 1.1. Let σ˜ : S → X˜ be the minimal resolution of X˜ , and
ρ := p ◦ π˜ ◦ σ˜ : S → Γ .
X˜
π˜
S
σ˜
ρ
Y
p
Γ
It is easy to see that ρ∗(P ) is isomorphic to the Galois closure curve ΓP for P ∈ Γ \ Σ . Hence S is
of general type. Note that, similarly, we can construct a family ρ : S → Γ of Galois closure curves
for a smooth curve Γ ⊂ P2 of any degree d  4. Furthermore, the 4-fold cover π is generic [10,
Deﬁnition 0.4] by the next lemma.
Lemma 2.3. The 4-fold cover π is generic. In particular, Σ is ﬁnite.
Proof. Let Γ ∨ be the dual curve of Γ . A singular point of Γ ∨ corresponds to either a tangent line
at an inﬂection point or a bitangent line of Γ . Let lP be a line on P2 passing through P ∈ P2.

π−1(P , lP ) 2 if and only if (P , lP ) satisﬁes one of the following conditions (see Fig. 2.1):
(B-1) I(lP ,Γ ; P ) = 5;
(B-2) I(lP ,Γ ; Q ) = 4 for some Q = P ;
(C-1) (i) I(lP ,Γ ; P ) = 4, or
(ii) I(lP ,Γ ; P ) = 2 and I(lP ,Γ ; Q ) = 3 for some Q = P ; (♣)
(C-2) I(lP ,Γ ; P ) = 1 and I(lP ,Γ ; Q ) = 3 for some Q = P ;
(D-1) lP is a bitangent line with I(lP ,Γ ; P ) = 3;
(D-2) lP is a bitangent line with lP = T P .
Thus, for each case, the dual line l∨P passes through a singular point of Γ ∨ . Thus such points (P , lP )
are contained in p′−1(Sing(Γ ∨)) which is ﬁnite from Remark 2.2(iv). Therefore π is generic.
Note that (P , lP ) satisﬁes (B-1) if and only if πP (P ) ∈ B(πP ), and it satisﬁes (B-2) if and only
if πP (Q ) ∈ B(πP ) for some Q = P , and so on. Since π is a generic 4-fold cover between smooth
surfaces, P ∈ Σ if and only if (P , lP ) ∈ Sing((π)) for some lP . Hence Σ is ﬁnite. 
Next we prove Proposition 0.5.
Proof of Proposition 0.5. By [10, Remark 4.1], if GP ∼= A4, then NA = NB = 0.
Conversely, suppose NA = NB = 0. We have the ﬁeld extensions and the covers over P1 in Fig. 1.1.
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KP ,1 = KP . If KP ,2 = KP , then P is a Galois point, and GP ∼= (Z/2Z)⊕2, which is contradiction to
[12, Theorem 4]. Therefore [KP ,2 : KP ] = 3. Since [K : KP ] = 4, we obtain [LP : KP ,2] = 4. Hence
GP ∼= A4. 
3. The branch locus (π)
To determine the type of the singular ﬁbers of ρ , we compute the exceptional divisor of σ˜ based
on the resolution in [10]. So we see the ﬁeld extension C(X)/C(Y ), and determine the types of
singularities of (π) by the technique used in [14].
We put Ui := {(T0 : T1 : T2) ∈ P2 | Ti = 0} ⊂ P2 and U ∨i := {(T∨0 : T∨1 : T∨2 ) ∈ (P2)∨ | T∨i = 0} ⊂ (P2)∨ .
Since Im() is deﬁned by uT∨0 + vT∨1 + T∨2 = 0 over U2, we can take (u, v; t) as a system of local
coordinates of Im()∩ (U2 × U ∨1 ), where u = T0/T2, v = T1/T2 and t = T∨0 /T∨1 . Let f (u, v) = 0 be a
deﬁning equation of Γ2 := Γ ∩ U2. For distinct points (u, v) and (x, y) in Γ2, we have π(u, v; x, y) =
(u, v; (v − y)/(x−u)). Hence y = −t(x−u)+ v , and C(X) = C(Y )(x). Moreover, x ∈ C(X) satisﬁes the
following equation of degree 4 over C(Y ) :
F (x, t,u, v) := f (x,−t(x− u)+ v)
x− u = 0.
Let Ψ = Ψ (t,u, v) be the discriminant of f (x,−t(x − u) + v) with respect to x. Then the degree
of Ψ with respect to t is 20. Similarly, the total degree of Ψ with respect to u and v is 20. Let
Φ = 0 be the homogeneous equation of the dual curve Γ ∨ ⊂ (P2)∨ , δF (t,u, v) the discriminant of F
with respect to x, and f¯ (t,u, v) := F (u, t,u, v) (i.e. the value of F at x = u). Then the following two
assertions are shown (cf. [14, Lemmas 3.1, 3.2]).
Lemma 3.1. Ψ = Φ(−t,−1,ut + v).
Lemma 3.2. ( f¯ (t,u, v))2δF (t,u, v) = Φ(−t,−1,ut + v).
Now we determine the types of singularities of (π).
Lemma 3.3. (P , lP ) ∈ Y is a singular point of (π) if and only if it satisﬁes one of the conditions (♣) in the
proof of Lemma 2.3. In each case, the type of the singularity is as follows:
(B-1) (P , lP ) ∈ (π) is a triple point locally deﬁned by x(x+ y4)(x− y4) = 0;
(B-2) (P , lP ) ∈ (π) is an e6-singularity;
(C-1) (P , lP ) ∈ (π) is an a5-singularity;
(C-2) (P , lP ) ∈ (π) is an a2-singularity;
(D-1) (P , lP ) ∈ (π) is an a3-singularity;
(D-2) (P , lP ) ∈ (π) is an a1-singularity.
Furthermore, p∗(P ) is not contained in the tangent cone of (π) at (P , lP ).
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point of (π) if and only if 
π−1(P , lP )  2. Hence the former assertion follows from the proof
of Lemma 2.3.
We consider the latter assertion. In each case, we show it by the same method used in [14,
Claim 4]. Since the singularity is a local property, we may assume the following conditions in each
cases:
(B-1) P = (0,0) ∈ U0, f (x, y) = y + f2 + f3 + f4 + f5, and f (x,0) = ax5, where f i is a homogeneous
polynomial of degree i and a = 0.
(B-2) P = (0,0) ∈ U0, f (x, y) = x+ ay + f2 + f3 + f4 + f5, and f (x,0) = x(bx+ 1)4, where b = 0.
(C-1) P = (0,0) ∈ U0, f (x, y) = y + f2 + f3 + f4 + f5, and either (i) f (x,0) = ax4(bx + 1) or (ii)
f (x,0) = ax2(bx+ 1)3, where a,b = 0.
(C-2) P = (0,0) ∈ U0, f (x, y) = x + ay + f2 + f3 + f4 + f5, and f (x,0) = x(bx + 1)3(cx + 1), where
b = c and b, c = 0.
(D-1) P = (0,0) ∈ U0, f (x, y) = y + f2 + f3 + f4 + f5, and f (x,0) = ax3(bx+ 1)2, where a,b = 0.
(D-2) P = (0,0) ∈ U0, f (x, y) = x + ay + f2 + f3 + f4 + f5, and f (x,0) = x(bx + 1)2(cx + 1)2, where
b = c and b, c = 0.
(B-1) We can express f (x, y) as y + ax5 + g(x, y)y, where g(0,0) = 0. Then f¯ (t,u, v) = −t +
5au4 − tg(u, v) + v g¯(t,u, v), where g¯(t,u, v) is the value of {g(x,−t(x − u) + v) − g(u, v)}/(x − u)
at x = u. Since P = (0 : 0 : 1) ∈ Γ is an inﬂection point of order three with the tangent line {T1 = 0},
we see that (0 : 1 : 0) ∈ Γ ∨ is a (4,5)-cusp with the tangent cone {T∨2 = 0}. We put ξ := T∨0 /T∨1
and η := T∨2 /T∨1 . Let fˇ (ξ,η) = 0 be the deﬁning equation of Γ ∨ . Then we have fˇ (ξ,η) = η4 + fˇ5 +
· · · + fˇ20, where fˇ5(ξ,0) = a′ξ5 = 0. Hence Φ(T∨0 , T∨1 , T∨2 ) = T∨1 16T∨2 4 + T∨1 15 fˇ5(T∨0 , T∨2 ) + · · · . Near
P = (0,0) ∈ Γ , the curve Γ can be expressed locally as v = φ(u) = −au5 + · · · , where φ = φ(u)
is a holomorphic function at u = 0. Thus Φ(−t,−1,ut + φ) = (ut + φ)4 − fˇ5(−t,ut + φ) + · · · . By
Lemma 3.2, we have{−t + 5au4 − tg + φ g¯}2δF (t,u, φ) = (ut + φ)4 − fˇ5(−t,ut + φ)+ · · · .
Perform the quadratic transformation t = s1u, u = u. After dividing both sides by u2, we obtain
{−s1 + 5au3 − s1g + φ4 g¯}2δF (s1u,u, φ) = u6(s1 + φ3)4 − u3 fˇ5(−s1,us1 + φ4) + · · · , where φ4 := φ/u
and φ3 := φ/u2. Thus δF (s1u,u, φ) is divisible by u3. Then we obtain{−s1 + 5au3 − s1g + φ4 g¯}2δF ,1(s1,u) = u3(s1 + φ3)4 − fˇ5(−s1,us1 + φ4)+ · · · ,
where δF ,1(s1,u) := δF (s1u,u, φ)/u3. Again perform the quadratic transformation s1 = s2u, u = u.
Similarly, we have{−s2 + 5au2 − s2g + φ3 g¯}2δF ,2(s2,u) = u2(s2 + φ2)4 − fˇ5(−s2, s2u + φ3)+ · · · ,
where φ2 = φ/u3 and δF ,2(s2,u) = δF ,1(s2u,u)/u3. Once more perform the quadratic transformation
s2 = s3u, u = u. We obtain
{−s3 + 5au − s3g + φ2 g¯}2δF ,3(s3,u) = u(s3 + φ1)4 − fˇ5(−s3, s3u + φ2)+ · · · ,
where φ1 = φ/u4 and δF ,3(s3,u) = δF ,2(s3u,u)/u3. Let Q (s3,u) be the leading form of δF ,3(s3,u) (i.e.
the degree three part of δF ,3(s3,u)). Then we have (−s3 + 5au)2Q (s3,u) = u(s3 − au)4 − a′s53. This
imply aa′ = 28/55. Therefore
Q (s3,u) = a
2
2
u3 − 18a
3
s3u
2 + 113
4
s23u − a′s33.5 5 5
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since p∗1(P ) is deﬁned by u = 0 at (P , lP ), it is not contained in the tangent cone of (π) at (P , lP ).
(B-2) We consider the singularity at t = u = v = 0. By direct computation, we have f¯ (t,u, v) =
1 − at + (∗), where (∗) vanishes at (0,0,0). Since (−1/b,0) = (1 : 0 : −b) ∈ Γ is an inﬂection point
of order two with the tangent line {T1 = 0}, (0 : 1 : 0) ∈ Γ ∨ is a (3,4)-cusp with the tangent cone
{T∨0 − bT∨2 = 0}. Thus we have the deﬁning polynomial of Γ ∨ , fˇ (ξ,η) = (ξ − bη)3 + fˇ4 + · · · + fˇ20,
where fˇ4(ξ,η) =∑i+ j=4 aijξ iη j with fˇ4(b,1) =∑i+ j=4 aijbi = 0. Hence we obtain Φ(T∨0 , T∨1 , T∨2 ) =
T∨1
17
(T∨0 − bT∨2 )3 + T∨1 16 fˇ4(T∨0 , T∨2 ) + · · · . Near (0,0) ∈ Γ , Γ can be expressed locally as u = φ(v),
where φ = φ(v) = −av + · · · is a holomorphic function at v = 0 and φ(0) = 0. Therefore we have
Φ(−t,−1, φt+ v) = −{−t−b(φt+ v)}3 + fˇ4(−t, φt+ v)+· · · . If we take a new system of coordinates
(s, v), where s = t + bv , this becomes{
s − bφ(s + bv)}3 + fˇ4(s + bv, v − φ(s + bv))+ · · ·
= s3 + 3abvs2(s + bv)+ fˇ4(s + bv, v)+ (higher terms).
Since f¯ (t,u, v) is a unit in the convergent power series ring C{t, v} and we have ∑i+ j=4 aijbi = 0,
this implies that (P , lP ) ∈ (π) is an e6-singularity.
(C-1)(i) We can express f (x, y) as y + ax4(bx+ 1)+ g(x, y)y, where g(0,0) = 0. Then f¯ (t,u, v) =
−t + au3(4+ 5bu)− tg(u, v)+ v g¯(t,u, v) as in the case (B-1). Since P = (0 : 0 : 1) ∈ Γ is an inﬂection
point of order two with the tangent line {T1 = 0}, we see that (0 : 1 : 0) ∈ Γ ∨ is an e6-singularity with
the tangent cone {T∨2 = 0}. Hence we obtain fˇ (ξ,η) = η3 + fˇ4 + · · · + fˇ20, where fˇ4(ξ,0) = cξ4 = 0.
Thus Φ(T∨1 , T∨2 , T∨3 ) = T∨2 17T∨3 3 + T∨2 16 fˇ4(T∨1 , T∨3 ) + · · · . Near P = (0,0) ∈ Γ , the curve Γ can be
expressed as v = φ(u) = −au4 + · · · . By Lemma 3.2, we have{−t + au3(4+ 5bu)− tg + φ g¯}2δF = −(ut + φ)3 + fˇ4(−t,ut + φ)+ · · · .
Perform the quadratic transformation t = s1u, u = u. After dividing both sides by u4, we obtain{−s1 + au2(4+ 5bu)− s1g + φ3 g¯}2δF ,1 = −u2(s1 + φ2)3 + fˇ4(−s1, s1u + φ3)+ · · · ,
where φ3 = φ/u, φ2 = φ/u2 and δF ,1 = δF ,1(s1,u) = δF (s1u,u)/u2. Again perform the quadratic trans-
formation s1 = s2u, u = u. After dividing both sides by u4, we have{−s2 + au(4+ 5bu)− s2g + φ2 g¯}2δF ,2 = −u(s2 + φ1)3 + fˇ4(−s2, s2u + φ2)+ · · · ,
where φ1 = φ/u3 and δF ,2 = δF ,2(s2,u) = δF ,1(s2u,u)/u2. Let Q (s2,u) be the leading form of δF ,2.
Then we have (−s2 + 4au)2Q (s2,u) = −u(s2 − au)3 + cs42. This implies ac = −33/28. Therefore we
obtain
Q (s2,u) = cs22 + (8ac − 1)s2u +
(
48a2c − 5a)u2.
This implies that (P .lP ) ∈ (π) is an a5-singularity.
(ii) As above argument, we have f¯ (t,u, v) = −t + au(bu + 1)2(5bu + 2) − tg(u, v) + v g¯(t,u, v).
We can see that (0 : 1 : 0) ∈ Γ ∨ is a d5-singularity with the tangent cone {T∨3 (T∨1 − bT∨3 )2 = 0}.
Hence fˇ (ξ,η) = η(ξ − bη)2 + fˇ4 + · · · + fˇ20, where fˇ4(b,1) = 0. Moreover, we have Φ(T∨1 , T∨2 , T∨3 ) =
T∨2
17T∨3 (T∨1 − bT∨3 )2 + T∨2 16 fˇ4(T∨1 , T∨3 )+ · · · . Near P = (0,0) ∈ Γ , Γ can be expressed as v = φ(u) =
−au2 + · · · . By Lemma 3.2, we obtain
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= −(ut + φ){t + b(ut + φ)}2 + fˇ4(−t,ut + φ)+ · · · .
Perform the quadratic transformation t = su, u = u. After dividing both sides by u4, we have the
equation
{−s + a(bu + 1)2(5bu + 2)− sg + φ1 g¯}2δF ,1
= −(s + φ0)
{
s + b(su + φ1)
}2 + fˇ4(−s, su + φ1)+ · · · ,
where φ1 = φ/u, φ0 = φ/u2 and δF ,1 = δF ,1(s,u) = δF (su,u)/u2. Putting s′ = s + bφ1, the right-hand
side can be expressed as
−(φ0 + s′ − bφ1){s′ + bu(s′ − bφ1)}2 + fˇ4(bφ1 − s′, φ1)+ (higher terms).
Since fˇ4(b,1) = 0, this implies that (P , lP ) ∈ (π) is an a5-singularity.
(C-2) We can see that f¯ (t,u, v) = 1−at+ (∗), and that (0 : 1 : 0) ∈ Γ ∨ is an a2-singularity with the
tangent cone {T∨1 − bT∨3 = 0}. Hence we have fˇ (ξ,η) = (ξ − bη)2 + fˇ3 + · · · + fˇ20, where fˇ3(b,1) = 0.
Near P = (0,0) ∈ Γ , Γ can be expressed as u = φ(v) = −av + · · · . Thus, by Lemma 3.2, we obtain
f¯ δF = (−t − bφt − bv)2 + fˇ3(−t, φt + v)+ · · · .
Putting t′ = −t − bv , the right-hand side is expressed as
{
t′ + bφ(t′ + bv)}2 + fˇ3(t′ + bv, v)+ (higher terms).
Since f¯ is a unit in C{t,u} and fˆ3(b,1) = 0, this implies that (P , lP ) ∈ (π) is an a2-singularity.
(D-1) We have f¯ (t,u, v) = −t + au2(bu + 1)(5bu + 3) − tg + v g¯ , and (0 : 1 : 0) ∈ Γ ∨ is a d5-
singularity with the tangent cone {T∨3 2(T∨1 − bT∨3 ) = 0}. Hence we have fˇ (ξ,η) = η2(ξ − bη) + fˇ4 +
· · ·+ fˇ20, where fˇ4(ξ,0) = cξ4 = 0. Near P = (0,0), Γ can be expressed as v = φ(u) = −au3 +· · · . By
Lemma 3.2, we obtain
{
t − au2(bu + 1)(5bu + 3)+ tg − φ g¯}2δF = (ut + φ)2(t + but + bφ)+ fˇ4(−t,ut + φ)+ · · · .
Perform the quadratic transformation t = su, u = u. After dividing both sides by u4, we have
{
s − au(bu + 1)(5bu + 3)+ sg − φ2 g¯
}2
δF ,1
= u(s + φ1)2(s + bus + bφ2)+ fˇ4(−s,us + φ2)+ · · · .
Let Q (s,u) be the leading form of δF ,1. Then we have (s − 3au)2Q (s,u) = u(s − au)2s + cs4. This
means that ac = −4/27. Thus we obtain
Q (s,u) = cs2 + 1
9
su.
This implies that (P , lP ) ∈ (π) is an a3-singularity.
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cone {(T∨1 − bT∨3 )(T∨1 − cT∨3 ) = 0}. Hence we have fˇ (ξ,η) = (ξ − bη)(ξ − cη) + fˇ3 + · · · + fˇ20. Near
P = (0,0), Γ is expressed as u = φ(v) = −av + · · · . Thus we obtain
Φ(−t,−1, φt + v) = {−t − b(φt + v)}{−t − c(φt + v)}+ · · ·
= (t + bv)(t + cv)+ (higher terms).
Since f¯ is a unit in C{t,u}, (P , lP ) ∈ (π) is an a1-singularity. 
We compute the exceptional divisor of σ˜ based on our resolution for 4-fold covers. Since the
singularities of X˜ are over the singularities of (π), we treat these in each case in (♣).
First we treat the singularities over (P , lP ) ∈ (π) satisfying (B-1). Let P and f (x, y) be as in the
proof of the previous lemma. Then F (x, t,u, v) can be expressed as a0x4 + a1x3 + a2x2 + a3x + a4,
where ai ∈ C[t,u, v] and a0 = 0. Putting z := x + a1/4a0, the minimal polynomial of z over C(Y ) is
z4 + g1z2 + g2z + g3, where gi ∈ C(t,u, v). We put h1 := −16(g21 + 12g3)/3 and h2 := −64(2g31 −
72g1g3 + 27g22)/27. Then δF (t,u, v) = h31/27+ h22/4. By direct computation, we obtain
g1 = dt + (∗), h1 = 64
a
t + (∗) and h2 = et2 + (∗)
at P = (0,0), where d, e ∈ C and (∗) is their higher terms. By choosing a suitable element w ∈ C(Y ),
(h1,w) is a system of coordinates at P . Since δF = h31/27 + h22/4 and (π) has an e6-singularity at
P , δF can be expressed as
δF = 1
27
(h1 + q2 + q3 + α1)(h1 + q2 + q3 + α2)(h1 + q2 + q3 + α3)+ (∗),
where qi = qi(h1,w) are homogeneous polynomial of degree i and αi = αi(h1,w) are distinct homo-
geneous polynomial of degree 4 each other such that αi(0,w) = 0 for at least two i. If we express
h2 = β2 + β3 + · · · , where βi are homogeneous polynomials of degree i, then h21|β2 (i.e. β2 is divisible
by h21) and h
2
2 =
∑∞
n=4
∑
i+ j=n βiβ j . We can show the following claim.
Claim 3.4. h21|β2 , h1|β3 , h1|β4 and h1|β5 .
Proof. By δF = h31/27+ h22/4, we obtain the following equations:
β22 =
4
9
h21q2, (1)
β2β3 = 2
9
(
h21q3 + h1q22
)
, (2)
2β2β4 + β23 =
4
27
{
h21
3∑
i=1
αi + 6h1q2q3 + q32
}
, (3)
2β2β6 + 2β3β5 + β24 =
4
27
{
2h1q3
3∑
i=1
αi + q22
3∑
i=1
αi + 3q2q23
}
, (4)
2β2β8 + 2β3β7 + 2β4β6 + β25 =
4
9
{
q2
∑
i< j
αiα j + q23
3∑
i=1
αi
}
. (5)
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h21|q2 follows from h21|β2 and (1), hence we have h1|β3 from (3). Then h1|q3 follows from (2). Thus
h1|β4 and h1|β5 follows from (4) and (5). 
Let σ (i) : Y (i) → Y (i−1) be the blowing-up at the singular point P (i−1) ∈ Y (i−1) of the strict trans-
form of (π) for each i = 1,2,3,4, where P (i−1) is an inﬁnitely near point of (P , lP ) and Y (0) := Y .
Let E(i) be the exceptional divisor of σ (i) . Then it is easy to see that vY
(1)
E(1)
(g1)  1, vY
(i)
E(i)
(g1)  2
for i = 2,3,4 and vY (i)
E(i)
(δF ) = 3i for i = 1,2,3,4. Claim 3.4 implies that vY (1)E(1) (h2)  2, vY
(2)
E(2)
(h2)  4
and vY
(i)
E(i)
(h2)  5 for i = 3,4. Since vY (i)E(i) (δF )  2vY
(i)
E(i)
(h2) for i = 1,2,3, we obtain E(1) ⊂ B(π(1)),
E(2) ⊂ D(π(2)) and E(3) ⊂ B(π(3)) by Theorem 1.1, where π(i) are 4-fold covers as in [10, Sec-
tion 3]. If vY
(4)
E(4)
(h2) = 5, then vY (4)E(4) (h2) = 3vY
(4)
E(4)
(g1). Hence we have E(4) ⊂ C (π(4)). This is contra-
diction to [10, Lemma 3.2]. Therefore vY
(4)
E(4)
(h2) 6, and E(4) is not in (π). Thus π(4) is of good type
[10, Deﬁnition 0.2].
We use the notation used in [10, Fig. 2]. Then X˜ ′ is a resolution of the singularity on X˜ over
(P , lP ). Note that E
(4)
1 := (ψ(4)1 )∗E(4) consists of either one prime divisor or three prime divisors since
ψ
(4)
2 is unbranched at any points of E
(4)
1 . If (ψ
(4)
2 )
∗E(4)1 consists of three prime divisors, then we
ﬁnd a double cover over one of three prime divisors with one branch point since ψ(4)3 is a bidouble
cover. This case does not occur. Therefore (ψ(4)2 )
∗E(4)1 consists of one prime divisor, and the reso-
lution of X˜ is as in Fig. 3.1, where the exceptional divisor EB of σ˜ is a smooth curve of genus 4
with E2B = −6. Moreover, since the coeﬃcient of E(4) in (p ◦ σ)∗(P ) is one, that of EB in ρ∗(P )
is one.
In other cases, it is easy to see the minimal resolution of singularities on X˜ from [3, Sec-
tion 3] and [10, Section 6]. We put l∨P := p∗(P ). Note that if GP ∼= A4, then ψ∗1 (l∨P ) and π˜∗(l∨P )
consist of two components; if GP ∼= D8, then (ψ1 ◦ ψ2)∗(l∨P ) and π˜∗(l∨P ) consist of three com-
ponents; if GP is isomorphic to the cyclic group of order four, Z4, then (ψ1 ◦ ψ2)∗(l∨P ) (resp.
π˜∗(l∨P )) consists of three (resp. six) components. Hence, by Lemma 3.3, we infer the conﬁguration
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The local structures of ρ∗(P ) over (P , lP ).
1. Thick lines are the exceptional divisor of σ˜ .
2. Normal lines are the strict transform of π˜∗(l∨P ). Two lines are labeled same number if and only if they are
belong to same component.
3. EB,lP , EC,i and ED,i are (−2)-curves.
of the exceptional divisor and the strict transform of π˜∗(l∨P ) under σ˜ over (P , lP ) as Table 1 in
each case. It is easy to see that the coeﬃcient of EB,Q ′ (resp. EC,i and ED,i) in ρ∗(P ) is three
(resp. one).
4. Proof of Theorem 0.6
We denote (Γ × {Q }) ⊂ Y by sQ for Q ∈ P2 \ Γ , which is a section of p : Y → Γ . Here,
by abuse of notation, we also denote the strict transform of Γ × {Q } under the blowing-up
Bl(P
2 × P2) → P2 × P2 by Γ × {Q } since it is naturally isomorphic to Γ × {Q }. Let f be a ﬁber
of p : Y → Γ .
192 T. Shirane / Journal of Algebra 342 (2011) 175–196Lemma 4.1. s2Q = 5, (π).sQ = 60 and (π).f = 18. Furthermore, (π) and KY are numerically equiva-
lent to 18sQ − 30f and −2sQ + 15f, respectively:
(π) ≡ 18sQ − 30f, KY ≡ −2sQ + 15f.
Proof. We can see that sQ = p′∗(l∨Q ). Since deg p′ = 5, we obtain s2Q = 5. Let Q ∈ P2 be a point such
that l∨Q ⊂ (P2)∨ meets transversally with Γ ∨ . Then l∨Q .Γ ∨ = 20 since degΓ ∨ = 20. If l ∈ l∨Q ∩ Γ ∨ ,
then 
p′−1(l) = 4, and (P , l) ∈ (π) if and only if T P = l. Thus (π).sQ = 60. (π).f = 18 is clear
from Riemann–Hurwitz formula.
The later assertion follows from the adjunction formula. 
Proof of Theorem 0.6. Suppose GP ∼= S4, then we obtain g(P ) = 31 + 3NA + 2NC by Riemann–
Hurwitz formula. We denote the strict transform of π˜∗(l∨P ) under σ˜ by Γ̂ . We ﬁnd from Table 1
that
ρ∗(P ) = Γ̂ +
∑
Q ′∈ΛB
3EB,Q ′ + kB EB + kC
4∑
i=1
EC,i + kD
6∑
i=1
ED,i .
Moreover, we have that Γ̂ .EB = Γ̂ .EB,Q ′ = 6 and Γ̂ .EC,i = Γ̂ .ED,i = 2, that Γ̂ has 4(NC −kC )+6(ND −
kD) nodes, and that Γ̂ 2 = −18NB +12kB −8kC −12kD from ρ∗(P )2 = 0. Therefore ρ∗(P ) satisﬁes the
properties in Theorem 0.6.
Suppose GP ∼= A4, then NA = NB = 0 and g(P ) = 16 + NC . We denote the two components of
the strict transform of π˜∗(l∨P ) under σ˜ by Γ̂1 and Γ̂2, respectively. We can show (III) as in the case
GP ∼= S4. Moreover, (IV) and (V) are showed as above.
If n2 = n1,b = 0, kC (P ) = kD(P ) = 0 and ΛB(P ) = ∅ for any P ∈ Γ . Therefore S has no (−2)-curves,
and the canonical bundle of S is ample.
Finally, we compute c21(S) and c2(S). Since Y is a ruled surface over Γ , we have c
2
1(Y ) = −40 and
c2(Y ) = −20. The following equations are clear:


{
(P , lP ) satisfying (B-1)
}= n3, 
{(P , lP ) satisfying (B-2)}= n2,


{
(P , lP ) satisfying (C-1)
}= n2 + n1,b, 
{(P , lP ) satisfying (C-2)}= 2n1,s,


{
(P , lP ) satisfying (D-1)
}= n1,b, 
{(P , lP ) satisfying (D-2)}= nb.
By [3, Section 3], [10, Section 6] and Fig. 3.1, the minimal number r of blowing-ups to obtain a 4-fold
cover of good type is
r = 4n3 + 9n2 + 6n1,s + 6n1,b + nb,
and then the number of (−1)-curves which are contracted by X˜ ′ → S is
30n3 + 54n2 + 48n1,s + 36n1,b + 6nb.
We put • := •(π(r)) for • = A, B,C, D . We obtain
2A = A(π)2 − 36n3 − 24n2 − 16n1,s − 20n1,b − 4nb,
A .KY (r) = A(π).KY + 12n3 + 12n2 + 8n1,s + 10n1,b + 2nb.
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2B = −4n3 − 4n2, B .KY (r) = 2n2,
2C = −12n2 − 6n1,s − 6n1,b, C .KY (r) = 4n2 + 2n1,s + 2n1,b,
2D = −2n3 − 2n1,b − nb, D .KY (r) = −nb,
A .D = 2nb, B .D = 2n3,
and D is smooth. From the proof of [10, Theorem 0.3], we have
c21
(
X˜ ′
)= 24K 2Y + (24A + 36B + 32C + 24D).KY + 62A
+ 27
2
2B +
32
3
2C + 62D + 12A .D + 18B .D ,
c2
(
X˜ ′
)= 24c2(Y )+ (12A + 18B + 16C + 12D).KY + 122A
+ 182B + 162C + 122D + 6A .D + 18B .D − 18s.
By Lemma 4.1, we obtain
c21(S) = 5880− 24n3,
c2(S) = 7800− 282n3 − 146n2 − 64n1,s − 100n1,b − 18nb.
Since 3n3 + 2n2 + n1,s + n1,b = 45, we have the equation in the theorem. 
We can show Corollary 0.7 by the same way of the proof of [14, Corollary 2.1].
Proof of Corollary 0.7. Since ρ∗(P )red is a divisor with only normal crossings for each P ∈ Γ , there
exists a stable reduction ρ¯ : S → Γ of ρ : S → Γ (cf. [1]).
S ′
blowing-down
S
ρ¯
S
ρ
Γ
δ
cyclic
Γ
Since ρ¯ : S → Γ is a semi-stable ﬁbration, we have a holomorphic map η : Γ → H85/Γ85, which is
Satake’s compactiﬁcation of the period domain. Since η is not constant, the corollary holds true. 
Proof of Corollary 0.8. We have
c21(S)− 2c2(S) = −3960+ 156n3 + 36n2 + 72n1,b + 36nb.
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12n3 + 6n2 + 6n1,b + 2n1,s + 2nb = 330.
Since 3n3 + 2n2 + n1,b + n1,s = 45, we obtain c21(S)− 2c2(S) = 360+ 48n3 > 0. 
Example 4.2. If Γ is the quintic Fermat curve, then the set of its inﬂection points consists of just
ﬁfteen such points of order three, and there exist just seventy-ﬁve bitangent lines passing through an
inﬂection point (see [6]). Hence we obtain
c21(S) = 5520 and c2(S) = 2220.
In particular, the canonical bundle of S is ample since n2 = n1 = 0.
In the rest of this section, we give an example of surfaces of general type with positive index
which differ from such surfaces constructed in [7].
Lemma 4.3. Let Γ ⊂ P2 be a smooth quintic curve which satisﬁes the following conditions:
(i) There is a ﬁber of ρ : S → Γ containing a rational curve, where ρ : S → Γ is the family of Galois closure
curves for Γ .
(ii) The automorphism group of Γ , Aut(Γ ), is trivial.
Then S cannot be constructed from Galois closures of generic projections (i.e. S is not the minimal resolution
of the Galois closure of a generic projection).
Proof. Suppose that S is constructed from the Galois closure of a generic projection. Then Aut(Γ )
contains G = Sn for some n  2 since S is a minimal surface, and S/G is birational to P2. For the
condition (i) in the assertion, each element τ ∈ G maps a ﬁber to a ﬁber. Hence G acts on Γ , and
there exists a dominant rational map from S/G to Γ/G . Since S/G is rational, Γ/G turns out to be
rational. However, Aut(Γ ) is trivial, this is a contradiction. 
Example 4.4. Let Γ ⊂ P2 be a smooth quintic curve which satisﬁes the following conditions:
(i) Γ has only one inﬂection point of order three, say P .
(ii) Γ has a unique inﬂection point of order two whose tangent line passes through P , say Q .
Then S cannot be constructed from Galois closures of generic projections, where ρ : S → Γ is the
family of Galois closure curves for Γ .
Proof. Since Q is a inﬂection point of order two, ρ−1(Q ) contains a rational curve by Theorem 0.6.
By Lemma 4.3, it is suﬃcient to show that Aut(Γ ) is trivial.
Let (T0 : T1 : T2) be a system of homogeneous coordinates of P2. By a certain projective transfor-
mation, we may assume that P = (0 : 1 : 0), Q = (0 : 0 : 1) and the tangent line at P is T2 = 0. Then
the deﬁning equation of Γ is
T2
(
T0G + T 41
)+ T 50 = 0,
where G = G(T0, T1, T2) is a general homogeneous cubic polynomial. Let τ be an element of Aut(Γ ).
Since degΓ = 5, τ is extended to a projective transformation. Hence τ ﬁxes P and the tangent line
T2 = 0. Moreover, it ﬁxes Q and the tangent line T0 = 0 because of the uniqueness of Q . Thus τ is
represented by the following matrix:
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c b 0
0 0 1
)
.
On U2 = {T2 = 0}, Γ2 := Γ ∩ U2 is deﬁned by
xg + y4 + x5 = 0,
where x = T0/T2, y = T1/T2 and g = g(x, y) = G(x, y,1). Since τ acts on Γ2, we can see that a = b =
1. Moreover, c = 0 since the order of τ is ﬁnite. 
5. Observation
Using the canonical resolution for triple covers [11], we can compute the Chern numbers of the
family S of Galois closure curves for a smooth plane quartic curves Γ constructed by Yoshihara.
Theorem 5.1. Let Γ ⊂ P2 be a smooth quartic curve, and ρ : S → Γ the family of Galois closure curves for Γ .
Then
c21(S) = 216, c2(S) = 96.
In particular, we have c21(S) > 2c2(S).
Finally we raise the following conjecture.
Conjecture 5.2. Let Γ ⊂ P2 be a smooth curve of degree d  4, and ρ : S → Γ the family of Galois closure
curves for Γ constructed as in Section 2. Then
c21(S) > 2c2(S).
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